Abstract. We construct, for the first time, various types of specific non-special finite p-groups having abelian automorphism group. More specifically, we construct groups G with abelian automorphism group such that γ 2
Introduction
Let G be a finite group. An automorphism α of G is called central if x −1 α(x) ∈ Z(G) for all x ∈ G, where Z(G) denotes the center of G. The set of all central automorphisms of G is a normal subgroup of Aut(G), the group of all automorphisms of G. We denote this group by
Autcent(G). Notice that Autcent(G) = C Aut(G) (Inn(G)), the centralizer of Inn(G) in Aut(G), and Autcent(G) = Aut(G) if Aut(G) is abelian. We denote the commutator and Frattini subgroup
of G with γ 2 (G) and Φ(G), respectively. Let
where i ≥ 1 is an integer. For finite abelian groups H and K, Hom(H, K) denotes the group of all homomorphisms from H to K. If H is a subgroup (proper subgroup) of G, then we write H ≤ G (H < G). A group G is said to be purely non-abelian if it does not have a non-trivial abelian direct factor. Throughout the paper, any unexplained p always denotes an odd prime.
In this paper we construct, for the first time, various types of non-special finite p-groups G such that Aut(G) is abelian. The story began in 1908 with the following question of H. Hilton [10] :
Whether a non-abelian group can have an abelian group of isomorphisms (automorphisms). In 1913, G. A. Miller [17] constructed a non-abelian group G of order 64 such that Aut(G) is an elementary abelian group of order 128. More examples of such 2-groups were constructed in [4, 14, 20] . For an odd prime p, the first example of a finite p-group G such that Aut(G) is abelian was constructed by H. Heineken and H. Liebeck [8] in 1974. In 1975, D. Jonah and M. Konvisser [15] constructed 4-generated groups of order p 8 such that Aut(G) is an elementary abelian group of order p 16 , where no group of order p 6 whose group of automorphisms is abelian and constructed groups G of order p n 2 +3n+3 such that Aut(G) is abelian, where n is a positive integer. In particular, for n = 1, it provides a group of order p 7 having an abelian automorphism group.
There have also been attempts to get structural information of finite groups having abelian automorphism group. In 1927, C. Hopkins [11] , among other things, proved that a finite p-group G such that Aut(G) is abelian, can not have a non-trivial abelian direct factor. In 1995, M. Morigi [19] proved that the minimal number of generators for a p-group with abelian automorphism group is 4. In 1995, P. Hegarty [7] proved that if G is a non-abelian p-group such that Aut(G) is abelian, then | Aut(G)| ≥ p 12 , and the minimum is obtained by the group of order p 7 constructed by M.
Morigi. Moreover, in 1998, G. Ban and S. Yu [2] obtained independently the same result and proved that if G is a group of order p 7 such that Aut(G) is abelian, then | Aut(G)| = p 12 .
We remark here that all the examples (for an odd prime p) mentioned above are special pgroups. In 2008, A. Mahalanobis [16] published the following conjecture: For an odd prime p, any finite p-group having abelian automorphism group is special. The first and third authors [13] provided counter examples to this conjecture by constructing a class of non-special finite p-groups G such that Aut(G) is abelian. These counter examples, constructed in [13] , enjoy the following properties: (i) |G| = p n+5 , where p is an odd prime and n is an integer ≥ 3; (ii) γ 2 (G) is a proper subgroup of Z(G) = Φ(G); (iii) exponents of Z(G) and G/γ 2 (G) are same and it is equal to p n−1 ;
Having all this information in hands, one might expect that some weaker form of the conjecture of Mahalanobis still holds true. Two obvious weaker forms of the conjecture are: (WC1) For a finite p-group G with Aut(G) abelian, Z(G) = Φ(G) always holds true; (WC2) For a finite p-group G with Aut(G) abelian and Z(G) = Φ(G), γ 2 (G) = Z(G) always holds true. So, on the way to exploring some general structure on the class of such groups G, it is natural to ask the following question:
Question. Does there exist a finite p-group G such that γ 2 (G) ≤ Z(G) < Φ(G) and Aut(G) is abelian?
Disproving (WC1) and (WC2), we provide affirmative answer to this question, in the following theorem, which we prove in Section 3:
Theorem A. For every positive integer n ≥ 4 and every odd prime p, there exists a group G of order p n+10 and exponent p n such that
Moreover, the order of Aut(G) is p n+20 .
One more weaker form of the above said conjecture is: (WC3) If Aut(G) is an elementary abelian p-group, then G is special. As remarked above, all p-groups G (except the ones in [13] 
Now we review non-special 2-groups having abelian automorphism group. In contrast to pgroups for odd primes, there do exist finite 2-groups G with Aut(G) abelian and G satisfies either of the following two properties: (P1) G is 3-generated; (P2) G has a non-trivial abelian direct factor. The first 2-group having abelian automorphism group was constructed by G. A. Miller [17] in 1913. This is a 3-generated group and, as mentioned above, it has order 64 with elementary abelian automorphism group of order 128. B. Earnley [5] showed that there are two more groups of order 64 having elementary abelian automorphism group. These groups are also 3-generated. Aut(G 2 ) and Aut(G 3 ) are elementary abelian, can be checked using GAP [6] . The examples of 2-groups G satisfying only the third condition of Theorem 2.2 with Aut(G) elementary abelian were constructed by A. Miller [17] and M. J. Curran [4] . The examples constructed in Theorems A, B and C indicate that it is difficult to put an obvious structure on the class of groups G such that Aut(G) is abelian or even elementary abelian. We hope that this paper will be helpful in giving a direction to the research area under consideration. We remark that many non-isomorphic groups, satisfying the conditions of the above theorems, can be obtained by making suitable changes in the presentations given in (3.1), (4.1) and (4.7) below. We conclude this section with a further remark that the kind of examples constructed here may be useful in cryptography (see [16] for more details).
Some prerequisites and basic results
We start with the following two theorems of M. H. Jafari [12] . The following result follows from [1, Theorem 1].
Let A be an abelian p-group and a ∈ A. For a positive integer n, p n is said to be the height of
. Let H be a p-group of class 2. We denote the exponents of Z(H), γ 2 (H), H/γ 2 (H) by p a , p b , p c respectively and d = min(a, c). We define Let G be a finite p-group of nilpotency class 2 generated by x 1 , x 2 , . . . , x d , where d is a positive
, where x i ∈ G and a ij are non-negative integers for 1 ≤ i, j ≤ d. Since the nilpotency class of G is 2, we have
Equations (2.1) and (2.2) will be used for our calculations without any further reference.
Groups G with Aut(G) abelian
In this section we construct a class of finite p-groups such that
Aut(G) is abelian. Let n ≥ 4 be a positive integer and p be an odd prime. Consider the following group:
Throughout this section, G always denotes the group given in (3.1). It is easy to see that G enjoys the properties given in the following lemma.
Lemma 3.1. The group G is a regular p-group of nilpotency class 2 having order p n+10 and
, where x i ∈ G and a ij are non-negative integers for 1 ≤ i, j ≤ 4. Let α be an automorphism of G. Since the nilpotency class of G is 2 and γ 2 (G) is generated by x Proof. Let α be the automorphism of G such that α(x i ) = x i e xi , 1 ≤ i ≤ 4 as defined above.
3 , x 4 is a characteristic subgroup of G, α(x 4 ) ∈ G p 2 . Thus we get the following set of equations:
We prove equations (3.2) -(3.4) by comparing the powers of
On the other hand
Comparing the powers of x 1 and using (3.18), we get a 31 ≡ 0 mod p n−2 . Proof. We start with the claim that 1 + a 44 ≡ 0 mod p. For, let us assume the contrary, i.e., p divides 1 + a 44 . Then
since a 4j ≡ 0 mod p 2 for 1 ≤ j ≤ 3 by equations (3.17) and (3.18). But this is not possible as Here we have three possibilities, namely (i) a 13 ≡ 0 mod p 2 , (ii) a 13 ≡ 0 mod p, but a 13 ≡ 0 mod p 2 , (iii) a 13 ≡ 0 mod p. We are going to show that cases (ii) and (iii) do not occur and in
Case (i). Assume that a 13 ≡ 0 mod p 2 . Equations (3.7) and (3.19) , together with the fact that p does not divide 1 + a 44 , gives a 32 ≡ 0 mod p 2 . We claim that 1 + a 33 ≡ 0 mod p.
Suppose p divides 1 + a 33 . Since a 32 ≡ 0 mod p 2 and a 31 ≡ 0 mod p n−2 (equation (3.2)), we get
= 1, which is not possible. This proves our claim. So by equation (3.11), we get a 12 ≡ 0 mod p 2 .
Subtracting (3.15) from (3.4), we get (a 11 − a 22 )(1 + a 44 ) ≡ 0 mod p 2 . This implies that a 11 − a 22 ≡ 0 mod p 2 . Since a i3 ≡ 0 mod p 2 for i = 1, 2, by equation (3.9) we get a 11 (1 + a 11 ) ≡ 0 mod p 2 . Thus p 2 divides a 11 or 1 + a 11 . We claim that p 2 can not divide 1 + a 11 . For, suppose the contrary, i. e., a 11 ≡ −1 mod p 2 . Since n − 2 ≥ 2 and a 12 ≡ a 13 ≡ 0 mod p 2 , we get
This contradiction, to the fact that order of x 1 is p n , proves our claim. 3.9) ). We claim that a 11 ≡ 0 mod p. For, suppose that a 11 + 1 ≡ 0 mod p. Since n − 1 ≥ 3 and a 12 ≡ a 13 ≡ 0 mod p, it follows that α(x 1 ) 
. Since the order of (α(
Putting the value of a 32 from (3.14) into (3. Proof of Theorem A. Let G be the group defined in (3.1). By Lemma 3.1, we have |G| = p n+10 , γ 2 (G) = Z(G) < Φ(G) for n = 4 and γ 2 (G) < Z(G) < Φ(G) for n ≥ 5. By Theorem 3.3, we have Aut(G) = Autcent(G). Thus to complete the proof of the theorem, it is sufficient to prove that Autcent(G) is an abelian group. Since Z(G) < Φ(G), G is purely non-abelian. The exponents of Z(G), γ 2 (G) and G/γ 2 (G) are p n−2 , p 2 and p n−2 respectively. Thus we get
Since the nilpotency class of G 1 is 2 and γ 2 (G 1 ) is generated by the set {x
for some non-negative integers a ij for 1 ≤ i, j ≤ 5. = 1, x p 5 = 1 and a 1j ≡ 0 mod p for 2 ≤ j ≤ 4, it follows that 1 + a 11 is not divisible by p. Therefore (6) and (7) give a 55 ≡ 0 mod p and a 23 ≡ 0 mod p respectively. Thus by (8) and (9) respectively, we get a 21 ≡ 0 mod p and a 31 ≡ 0 mod p. Using the fact that a 31 ≡ 0 mod p, (10) reduces to the equation a 35 (1 + a 11 ) ≡ 0 mod p. Since 1 + a 11
is not divisible by p, we get a 35 ≡ 0 mod p. Observe that 1 + a 33 is not divisible by p. For, suppose p divides 1 + a 33 . Since a 31 , a 32 , a 35 divisible by p and x 4 ∈ Z(G 1 ), it follows that α(x 3 ) ∈ Z(G 1 ), which is not true. Using this fact, it follows from (11) that a 11 ≡ 0 mod p. Using above information, (13) , (14) and (15) (16) and (17) give a 24 ≡ 0 mod p and a 15 ≡ 0 mod p respectively.
Finally, from equation (18) we get a 34 ≡ 0 mod p. Hence all a ij ′ s are divisible by p, which shows
